HOW OFTEN ARE [n®| AND |n’| SIMULTANEOUSLY PRIMES?
ANUP B. DIXIT, NIKHIL S. KUMAR

ABSTRACT. Let |z] denote the greatest integer less than or equal to a real number z. Given
real numbers 0 < a1 < a2 < -+ < ag < 1 satisfying a certain condition, we show that there are
infinitely many positive integers n for which all of [n®! |, |[n®?|,...,|n** | are prime numbers.
Our approach relies on establishing a simultaneous equidistribution theorem for |n®? | across
k-many arithmetic progressions.

1. Introduction

In his 1912 address at the International Congress of Mathematics, E. Landau proposed
four unsolved problems in number theory. The fourth problem was to show that there are
infinitely many prime numbers of the form n? + 1, where n is a positive integer. This problem
is a special case of the Bunyakovsky conjecture for general polynomials and remains widely
open. A natural variant of this problem is to consider the primality of expressions involving
real powers of integers. For a real number z, let || denote the greatest integer < z. Given a
real number « > 0, one can ask whether [n®| + 1 is a prime infinitely often. When « = 2, this
is precisely Landau’s problem. For 0 < e < 1, the answer follows from the infinitude of prime
numbers. The case « > 1 was first addressed by Piatetski-Shapiro [10], who showed that [n®]
is prime infinitely often for all 1 < a < % This range has since been extended through the
work of Kolesnik [4] [6], Heath-Brown [3], Liu-Rivat [9], with the current best bound « < %
due to Rivat-Sargos [12].

In this paper, we are motivated by the following natural extension of the above problem:
Given real numbers a, 3 > 0, how often are [n®| and |n” | simultaneously primes? More gener-
ally, for positive real numbers g, ag, -+, ag, how often are all of |[n® |, |n®?],...,|n“* | primes?

Let A(n) be the von Mangoldt function defined as

) logp ifn= p¥ for some prime p
Aln) = { 0 otherwise.

Our main theorem is as follows.
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Theorem 1.1. Let 0<d =1 <ag <--<ag=7<1. Suppose

k 9 2y 2
EO@ L—-—+-.
& 20 5 5

Then, for any integers c1,ca,...,ck, as N tends to infinity,
Z A([n* ]+ e)A([n*? ] + e2) - A([n“ | + ¢;) = N(1 +0(1)).
n<N

Remark. The case k = 1 directly follows from the prime number theorem. We illustrate
this below. Write

>, Aln®l+e)= > A(n)P(n),

n<N n<Ne

where

P(n)=#{m:|m%|+c=n}.
Note that, if |[m®| + ¢ = n, then

n<|m*+ec<n+1,

which implies

(n-c)Y* <m < (n-c+1)V
Therefore,

P(n) = ((n-c+ )™= (n-0)"'*) + O(1),

where the implied constant is < 1. Recall the prime number theorem [2], which states that as
x tends to infinity

Y A(n)=2+0 (xe_c(]\/@) .

Therefore -
S A([n]+e)= ((n—c+1)1/a—(n—c)l/a)A(n)+O( 3 A(n))
n<N n<Ne n<Ne
= z]:w((n—c+1)1/a—(n—c)1/a)A(n)+O(No‘).

Using partial summation,

Z ((n —c+ 1)1/a -(n- c)l/a) A(n)

n<Ne

= ( > A(n)) ((Na —c+ 1)V (N® —c)l/a)

n<N®
T A P

ny

In the first term, write
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for large values of N using binomial theorem. Now treating the second term in the integrand
similarly and applying the prime number theorem, the sum in (1) is equal to

=E_lfNa (l_1)y—1+1/ady+o<Ne—CU\m)+O(N1—o¢)
(6]

=E+N(1—l)+O(Ne‘C°\/m)

« «

=N+ 0 (NeoVlEN),

as required.
The case k =2 in Theorem 1.1 is already non-trivial, giving the following corollary.

Corollary 1. For 0 < < a <1 satisfying 28a+ 113 <8, as N — oo
> A DA(n"]) = N(1+0(1)).

n<N
This shows that for a, 3 satisfying the above condition, [n%| and |n?| are simultaneously
primes infinitely often.

Remark. It is worth noting that for certain values of a and (3, it is possible to conclude
that |n®| and |n”| are both primes infinitely often, using known results on primes in short
intervals. Suppose 0 < 3 <« <1 and |n?]| = p, a prime number. Then, we have |n®| = p for
all n e [p'/?, (p+1)'/8). Taking exponent « to this interval gives [p*/?, (p+1)*/?). Note that
(p+ 1)0‘/ B polB oy %pa/ A= We now invoke the best known result on primes in short intervals
due to Baker, Harman and Pintz [1], which states that for sufficiently large z, there exists a
prime in the interval [z, z+2°-525]. Therefore, if %— 1> 0.525%, we conclude that there exists a

prime in the interval [p®?, (p+1)®/#) and hence there exists an n € [p*?, (p+1)1/#) such that
|n®| and [n”] are simultaneously primes. Hence for 0 < 8 < a < 1 satisfying § < 0.475a, there
are infinitely many n such that |n®] and |n?| are both primes. The condition 28c + 114 < 8
in Corollary 1 holds in more generality.

The key ingredient in our approach is to establish an equidistribution result for |[n®! |, |n®2?],
., [n®* | simultaneously across k-many arithmetic progressions. This can be thought of as a
higher dimensional analog of a result due to M. R. Murty and K. Srinivas [11].

Let ¢ = (c1,¢2,...,¢¢) and d = (dy,ds,...,dr) be tuples of positive integers satisfying
0<¢<d;foralll1<i<k. Let @ =(aj,as,...,ax) be a tuple of positive real numbers. Define

S(N,d,c,a) := #{n <N :[n™] =cp moddy, |n*?] = co mod da, ..., |n" ]| = cx mod dk}.

We prove the following theorem, which is interesting in its own right.

Theorem 1.2. Let d,c,a be as above. Suppose 0 < § = a1 <--<ap=7v<1. Then, as N
tends to infinity,

3+2'y é k+1
S(Ndca)=—2 40 (log V) .
dldQ--'dk (mln(dl,dg,...,dk))4

For k = 2, this yields the following corollary.
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Corollary 2. For positive integers c1,co,d1,dy and real numbers «, B satisfying 0 < f<a <1,
as N tends to infinity

3+2a-p8
N N log N)3
#{nSN:[naJEclmoddland[nBJECQmoddg}:—JrO » (logN)
dydy (min(dy,dp))7

The assumption that the exponents «;’s are distinct is essential. Indeed, if two exponents
are the same, incompatible congruence conditions could render the set S(N,d,c,a) empty.
When «;’s are distinct, the count S(N,d, c,a) exhibits true independence across all arithmetic
progressions. This phenomena is precisely captured in Proposition 2.1 in the next section.

2. Preliminaries

In this section, we establish some lemmata which will be instrumental in proving the main
results. For a non-zero real number h, let

N

S(N) = > e(hn®),

n=1
where e(z) := 2™, In [11, Theorem 1(a)], M. R. Murty and K. Srinivas proved that for all
integers h # 0, as N tends to infinity
S(N) = Oq (|B'/* N1 (1og N) (log N|R]) ),

for 0 < @« <2 and « # 1. The result in [11] assumes h to be an integer. However, the same
proof goes through without such an assumption. A crucial role in the proof of our theorem
involves a higher dimensional analog of the above result as stated below.

Let h = (h1,he,...,ht) and & = (a1, a2,...,ax) be tuples of non-zero real numbers. Define

N
S(N,h,a) =) e(hin™ + hon® + - + hyn*) .

n=1
We obtain upper bounds for S(NNV, h,a) as follows.
Proposition 2.1. Let 0 < aj,a9,...,0p < 1 with v = max(a;) and § = min(e;). Let

hi,ho, ..., hi be real numbers such that at least one of the h;’s is non-zero. Suppose that
for any subset E ¢ {1,2,...,k} with a; = o for all i,j € E, either

(1) ZiEE hl * 07 or
(2) there exists an | ¢ E such that h; # 0.

Then, as N tends to infinity, we have
1 1.7 94
S(N,h,@) = Oq ((|h1] +[hal + -+ [hel) T N7*55 log (N ([ha] + ha] + -+ [[)) log(NV) )
where the implied constant only depends on a.

The proof of this proposition follows an approach similar to that of Murty and Srinivas
[11]. We recall [11, Lemma 1, Lemma 2| below, and refer the reader to their paper for the
detailed proofs.
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Lemma 2.2 (Effective Poisson summation formula). Let f(t) be a differentiable function on
[1, N] satisfying |f'(t)| < K. Then, for any M >1,

N N NKlog M
rG)y= > f f(t)e(mt)dt+0(—).
j=1 0<fml<m 1
Lemma 2.3. Let F(x) be real, twice differentiable function on [a,b] such that |F"(z)| >m > 0.
Then,
b .
fa @) gy < %

Proof of Proposition 2.1. Let 0 < aq,,...,a; < 1, v = max(a;) and 6 = min(c;). Consider
the dyadic sum
SW2W) = > e(hin® +hon® + -+ hpn*).
W<n<2W
We will take f(t) = e (h1t* + hot®? +--- + ht“*) in Lemma 2.2. Note that

If' ()] =27 ‘hlaltal_l + hpoot®? L 4 4 hkakto"“_1|
<2 (o [ha [t 7!+ ag ol t22 71 4+ ay [y |t
< (|hy] + |ho| + -+ R ) 771
Therefore, in the interval [W,2W],
£/ ()] << (Jhal + [haf + - + Ry ) W
where the implied constant is absolute. Thus, by Lemma 2.2, we get

2W
SWaw)y= 3 f e(ht® + haot™® + - + hyt™ + mt) dt
0<|m|<M 4

¥
L0 (|h1]| + |he| + -+ + |hg|) W7 log M ’ ©)
M

where M is some large positive constant. To bound the integral in the sum above, we take
F(t) = hit™* + hot™? + -+ + hyt™* + mt
in Lemma 2.3. Then
F"(t) = aq (a1 = D)t 2hy + ag(ag — D)t 2hg + - + ag (o — 1)t%% 2Ry,

11 1 hi,s sure a ”()¢0. Silce0<ai< ) OItE[[[72”]7 we
obtain . t 1. f
|_F'I/(t)| > |h] + ]’LQ 4+ e+ h’k| W(S—Q > 0’

where the implied constant depends on o, ao,...,ar. Hence, from Lemma 2.3, we obtain
2w -1 1r1-6/2
U e (ht® + hot® + - + hyt™ +mt) dt’ = O(((Jha + ha+ e+ )2 WP2)
w

= O (Il + ol + -+ gy 2 W212).
Therefore, from (2), we get

(|h1] + |ho| + -+ + |hk]) W7 log M
M

B -1 1r71-6/2
S(W,2W)-O( )+o(M<|h1|+|hz|+---+|hk|> o)
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. 3, lyy,8 .
Now, choosing M = |Co (|h] + |ha| + -+ + |hg]) T W™2T2%1 | for a sufficiently large constant Co,
we obtain

1 1.7 6
S(W,2W) = O (] + [hal + -+ + [h) W2+ E1og (W (] + o] 4+ [Bi))

Since the interval [1, N] can be split into O(log N) dyadic intervals of the type [W,2W], we
get

1 1,y ¢
S(N.h,@) = O ((Jhal + [hs| + =+ s} N3*3 % log (N ([ha] + ] + =+ i) (log NV) ).

This proves Proposition 2.1. O

We also make the following easy observation.

Lemma 2.4. Let x be a positive real number and d be a natural number > 2. Then,

1
|z] =r mod d < §§{§}<T; .

Proof. Write x = ||+ 0. If |x| =r mod d, then |x] = dt + r for some integer t. Hence,
x [acj+{zr:_}:t+r+5

d d d d d
Since 0 < 0 < 1, we get r/d < {x/d} < (r +1)/d. Conversely, write = = dt + a + {x}, where
0 <a<d is a positive integer. Since, r/d < {z/d} < (r +1)/d, we clearly have a = r. O

Recall the Erdés-Turdn-Koksma Theorem (see [7, p. 116]) on discrepancy of sequences.

Let P = {x1,Xs,...,xy} be a finite sequence in R*. For a subinterval J ¢ [0,1)* of the form
J =[a1,b1) x [az,b2) x - x [ag, by ), define

A(J;P):=#{x;eP:x;€J}.
The discrepancy Dy for P is defined by

A(J; P)
N

Dy = sup‘ - A(J)‘ |
J

where J runs through all subintervals of [0,1)* of the above form and A denotes the k-
dimensional Lebesgue measure. We now state a version of the Erd&s-Turdan-Koksma theorem,
which was independently proved by F. J. Koksma [5] and P. Sziizu [13].

Theorem 2.5 (Erdds-Turdan-Koksma). For a lattice point £ = (I1,...,1l;) in ZF, define

k
[£]le = {Q%M and (€)= jl:[lmaX(UjL 1).

Forx,y e R¥, let (x,y) denote the standard inner product. Let x1,...,xx be a finite sequence
of points in RE. Then, for any positive integer m, we have

1 1 |1 X
Dy <2k23M1 [ =+ — ’— e((£,x.))| .
m O<H£%o§m ’I“(E) an=:1
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3. Proof of the main theorems

Proof of Theorem 1.2. By Lemma 2.4, we can write
S(N,d,c,a)=#{n<N:|n%]|=¢; modd; for all 1 <i <k}

:#{nﬁN:%g{n 1}<CZ;1forallléisk}.

i d; i
Define
n1 n®2 nok
Sl e R )]
dq do dy,
Let Dy denote the discrepancy of the sequence P = {x1,X2,...,Xy}. Then,
n%i ¢ ¢ +1 . N
NDy > <N: =5 forall 1<i<hy-— —— | 3
N SUP#{" {di} [di d; ) oratist } dids . dy )

Applying Theorem 2.5, for any m > 1,

NDy < 2k23+*1 (ﬁ + 1
M o)l osm r(€)

N

> e((lxa))| ]
n=1

where £ runs over integer lattice points. Note that

Since «;’s are distinct in (0, 1), the condition in Proposition 2.1 is satisfied for all non-zero
lattice points £. Hence, we deduce that

1
1 \i
(Zlgigk dT)

o<le]m<m Hi<ick max(l;; 1)

N
NDy = 0(—) +O| N2 10g N
m

The inner sum can be bounded above as

1
(leisk 2—)4 log(N 5 ﬁ) 1 5 1% (log N1)

0<“e|‘mgm HlSiSk maX(l/L', 1) 1<i<k dl mln(dz)1/4 0<l1=H£Hw§m H2Si$k maX(li, 1)
l;i<ly
< ;14 Z lI3/4(10gNl1) H Z ;
min(d; )"/ 0<li<m 2<i<k \l;<ly max(1,/;)

- m'*(log N)(logm)*!
min(d;)1/4 '
where the implied constant depends on k. Therefore, from (4), we obtain

ND O(N) ‘0 N%J“%_g(log]\f)zmi(logm)k_l
N=0(—
m (min(di))%

Now, choosing m = [N

3+2y-8

NDy =0 (Ns(]ogNl)kﬂ ) |
(min(d;))1
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Hence, from (3), we conclude Theorem 1.2. O

Proof of Theorem 1.1. Recall that

A(n) =- Z|: w(d)logd.
din

We can write

z]:VA([nO“J +e)A([n*? |+ e2) ... A(|n®* | + ¢x)

=E(— > M(dl)bgdl)”‘(— > ,u(dk)logdk).

n<N \  di||n®1|+c1 di| |[nk J+cy

Interchanging summation, the above sum equals

S Y (cu(di)logdy)-(—p(dp)logdy) Y1

d1<N*1+¢1  dp<N%k+cy n<N
d¢| LnaiJ+C¢

The inner sum is nothing but S(N,d,c,a). Thus, applying Theorem 1.2, we obtain

> Aln™ [+ ) -A(n™ | + er)

n<N
_N p(dy) logdy 5 p1(dk) log dy,
d1< N1 +¢; di d <Nk +cy, dp,
+0 (logdl)(l?gdk)Nisﬁg_é (log(N)k+l) )
di<N%1+c1  dp<Nk+cy, min(d;)s

It is easy to see that

Z Z (logdl)(logdk) « N(Zleal)—%(log(N))k

: T
di<N%1+c1  dp<Nk+cy, min(d;)s

Also, recall the following well known identity (see [8, p. 596-597]),

-3 () B 14 0 (e OV

n<x n

for some C' > 0. Therefore, we get

> A ]+ er)-A(n | + cx)

n<iN
=N (1 + O(e‘c\/m)) +0 (N3+527_%+Z§:1 o (log(N)%H)) :

which proves Theorem 1.1. O
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4. Applications to other arithmetic functions

The equidistribution result in Theorem 1.2 can be applied to a variety of arithmetic func-
tions to derive interesting consequences. One such application concerns squarefreeness of the
sequence [n®|. More precisely: Given real numbers a1, s, ..., ax, how often are |n®| all
squarefree numbers? Since p?(n) is the characteristic function for squarefree numbers, this is
equivalent to evaluating the sum

o ([ )P ([n ).

n<N
By the identity

pi(n) = Y u(d)

d2|n

we can interchange the summation to obtain

[ne1
v S pd)p(ds) () YL

dp<Nk/2 n<N
dF|[n*i]

> P ([n ) (In ) = N( > p(dy) Z p(da) [ > pldi)
n< d% a
/2

n<N d2||nez | di\ [nk |
d1<N*1

The inner sum is nothing but S(N,d,0,a), where d = (d?,d3, ... ,di). Now, using Theorem
1.2, for 0<d =y <+ <ag =<1, we conclude that

Zu2(ln“1J)---u2(ln“kJ)=N( > “(;?)) > %

n<N di<N1/2 dp<Nok/2
3+2’y S
1 k+1
+0 ( (log N') ) .
dsnoirz (min(d?))s
Since
p(n) 1 -1
=——+0(z7),
r;c n?  ((2)
we obtain

o | g N N kLo 53+275
T U D) = O(NE= =557,

and hence, deduce the following theorem.
Theorem 4.1. Let 0<§ =1 <--<ag=v<1. Suppose
k 4 - 47 95

Z @i < 90

Then there are infinitely many positive integers n such that [n®| are all squarefree and the
number of such n < x is given by

2 at|y...,,2 nak — N
g;v” (In®* D)--p=([n"* ) ROL

+O(Nmax(1" (T )+ 257 -35) (logN)kH)
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Similar method can also be used to compute the sum of other arithmetic functions over
[n]. For instance, denote the divisor function d(n) = ¥4, 1 and the sum of divisors function
o(n) = Y.dn d- Then, as a consequence of Theorem 1.2, for 0<d =y <+ <ag =7 <1, we can
prove the following.

Y, d(ln® P-d((n™)) = (araz-ar) N(log V)" + O (MR e (log(V)))

and

Z U([nalJ)”‘U(LnakJ) :N1+a1+a2+--~+ak " O(N3+527—g—g+22f=1ai (log(N))kH).
n<N

5. Concluding remarks

Note that Theorem 1.1 is conditional on «;’s satisfying >, a; < % - 2% % This seems
to be a limitation of the method used in this paper. It is reasonable to conjecture that if
0<aj < <ag <1, then for infinitely many n, all of |[n® | are simultaneously primes. If one
hopes to use the method in this paper, one has to prove a sharper error term in Theorem
1.2. In the light of Piatetski-Shapiro primes, it is tempting to conjecture that there exists a
constant A > 1 such that whenever 0 < a < --- < a < A, the numbers |n® | are simultaneously

primes for infinitely many n. We relegate these questions to future investigation.
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